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Tri-axial deformation in nuclei with realistic NN interactions
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Institut fu¨r Theoretische Physik,
Universita¨t Tu¨bingen, D-72076 Tu¨bingen, Germany
The structure of finite nuclei is investigated by employing an interaction model which is based on
the low-momentum interaction Vlowk. It is supplemented by a density-dependent contact interaction
fitted to reproduce the saturation properties of infinite nuclear matter within the Hartree-Fock
approach. The calculations of finite nuclei are performed in a basis of plane waves discretized in a
cartesian box of appropriate size. As a first example the structure of Ne isotopes is considered ranging
from 18Ne to the neutron drip line. Rather good agreement is obtained for the bulk properties of
these nuclei without any free parameter. The basis is also appropriate to describe other deformed
nuclei and the transition from discrete nuclei to homogeneous matter which is supposed to occur in
the crust of neutron stars.
PACS numbers: 21.60.Jz, 21.30.Fe, 21.65.-f, 26.60.Gj
I. INTRODUCTION
The availability of radioactive ion beam facilities in several laboratories - like SPIRAL2 at Ganil and the future
GSI facility FAIR in Germany - has made it possible to measure properties of many neutron-rich nuclei far away from
the valley of β-stability. The study of these exotic nuclear systems is an interesting field of physics. It is driven by
the expectation of observing nuclear properties, which are different from those encountered so far, i.e. near the valley
of stability, such as special deformations and neutron halos.
The role of deformations has been considered to some extent. Some attention has been devoted to the consequences
for the shell closures far from stability. Deformations can influence the double β-decay rate. However, almost all
calculations of the double β-decay matrix elements performed so far have been made assuming spherical symmetric
nuclei, whereas we know that in many cases, e.g. 76Ge, they are not. A study of the double β-decay of 48Ti reaches
the conclusion that a large mismatch of deformation between the parent and the grand-daughter nuclei can reduce the
value of nuclear matrix elements by factors as large as 2-3 [1]. Therefore, an accurate description of the geometrical
structure of nuclei is important, in particular for neutron-rich nuclei far away from the line of β-stability. The
geometrical structures of these nuclei can be quite complex compared to deeply-bound, double magic nuclei such as
4He, 16O, and 40Ca. Furthermore, neutron-rich deformed nuclei can be regarded as the starting point of the transition
to infinite homogeneous matter, which should occur in the outer crust of a neutron star.
Most of the studies on nuclear system far away from the valley of stability have been performed using density
functional theories (DFT). Non-relativistic[2] as well as covariant[3] density functional theories have been developed
during the last twenty years and successfully been applied to describe a large variety of nuclear phenomena with high
precision. The basis of this success, however, are the careful parameterizations of the underlying density functionals.
The variety of developments and the number of different parameterizations is growing so rapidly that only a few
specialists are able to keep an overview in specific subfields of DFT.
The alternative would be ab initio calculations, which use a realistic model of the nucleon-nucleon (NN) interaction,
based on the description of the NN scattering data. However, there are at least four obstacles on the way to derive
properties of finite nuclei in such an ab initio approach.
The first problem arises from the fact that also the realistic NN interaction is not unique, the number of models,
which all fit the NN scattering data is large, ranging from rather stiff models for local NN interactions[4] to softer
One-Boson-Exchange models[5] or the chiral models[6–8], which have received a lot of attention, recently. The
second obstacle is due to the fact that even the softer version of realistic NN interaction models contain strong
central and tensor components, which make it inevitable to employ many-body theories well beyond the mean-field
approximation (see e.g. [9] and references cited there). However, obstacle number three, even employing sophisticated
many-body theories one is in general not able to reproduce the saturation point of nuclear matter, the simplest nuclear
structure one can imagine. Finally, the effective NN interactions resulting from such a microscopic approach are rather
complicate and are typically determined in terms of matrix elements using an appropriate basis of single-particle states.
So problem number four is the choice of an appropriate set of basis states to describe weakly bound nuclei allowing
for a general deformation.
In the following we will address these obstacles for a nuclear structure calculation a little bit more in detail and
present an approach, which is a kind of compromise: A nuclear structure calculation based on the realistic NN
interaction supplemented by a DFT correction with a minimal number of adjustable parameters. First applications
2of this approach in nuclear matter and deeply bound nuclei have been presented in [10]. It is the aim of the work
presented here, to test this approach in the description of weakly bound nuclei.
A possible solution of the problems one and two of an ab initio approach, outlined above, is the use of a low-
momentum interaction, which can be derived from a realistic NN interaction by means of renormalization tech-
niques [11–15]. It is obtained by separating the low-momentum and high-momentum components of a realistic NN
interaction. This means that all short-range components of the NN interaction are integrated out. Therefore, a
non-perturbative treatment of NN correlations is not necessary anymore. If the cut-off Λ is appropriately chosen, i.e.
around Λ = 2 fm−1, the resulting low-momentum interaction Vlowk turns out to be independent of the underlying
realistic interaction. So using Vlowk we have a unique NN interaction, which describes the NN scattering data up to
the pion threshold and can be used in a mean field approach.
However, using the low-momentum interaction Vlowk a new problem arises. Hartree Fock calculations employing
Vlowk in infinite nuclear matter produce a binding energy per nucleon increasing with density in a monotonic way [14,
16]. Hence, the emergence of a saturation point is prevented, the problem number three mentioned even gets worse.
While in Brueckner-Hartree-Fock calculations using realistic NN interactions the calculated saturation point does not
agree with the empirical data, one does not even get one using Vlowk.
A way out of this problem is to add three- or many-nucleon forces in the Hamiltonian. There are various possible
sources for such many-nucleon interactions. The renormalization procedure, which in the case of the two-nucleon
problem leads to the Vlowk interaction, gives rise to many-nucleon forces when applied to systems with three or more
nucleons. Such effective three-nucleon forces, which arise from the renormalization with respect to high momentum
components within a pure nucleonic model, should provide similar effects as e.g. the density and energy dependence
of the Brueckner G-matrix and therefore support the saturation mechanism. However, also sub-nucleonic degrees of
freedom or relativistic effects may be represented in terms of a medium dependent effective NN force or three-nucleon
forces.
In the present study we do not care about the origin of such many-nucleon forces but just accept the fact that a
Hamiltonian based on Vlowk must be supplemented to be used in calculations of nuclear structure. This supplement
has been chosen to contain basic contact interaction terms of a non-relativistic DFT like the Skyrme model[17, 18]
and adjust the parameters to reproduce the empirical saturation point of symmetric nuclear matter. This has been
done in [10] and there it could also be demonstrated that this approach yields very reasonable results for the bulk
properties of closed shell nuclei like 16O and 40Ca.
These double magic nuclei can be described with a spherical geometry using spherical coordinates [19, 20]. However,
non-spherical nuclei require a geometry allowing for the description of more complex structures. Therefore, some recent
investigations [21, 22] applied cylindrical coordinates to describe axially-symmetric-deformed nuclei. Although one
can describe simple prolate and oblate deformations with the cylindrical coordinates, the description of more complex
tri-axial structures is not so easy. Therefore, we have chosen a cartesian geometry to allow the description of tri-axial
geometrical structures in these nuclei.
Furthermore, nuclear structure calculations of finite nuclei with realistic forces employ a set of appropriate single-
particle wave functions as a set of basis states, typically those of a harmonic oscillator (HO) potential. This choice of
the HO basis seems to be quite reasonable if one wants to describe the structure of deeply-bound closed-shell nuclei.
However, the HO basis may be questionable when weakly-bound nuclei close to the proton or neutron drip line are to
be considered, since it is not appropriate to describe the tail of the single-particle wave functions for the weakly-bound
valence nucleons. For this kind of studies a basis of plane wave (PW) states may be more suitable [10].
One aim of this study is to establish a tool, which allows a microscopic description of tri-axial geometrical structures
in nuclei and in the transition from isolated nuclei to homogeneous matter based on a realistic NN interaction.
Therefore, we will apply a cubic Wigner-Seitz cell using cartesian coordinates and a tri-axial PW basis. This geometry
will allow us to extend our investigation to tri-axial geometrical structures of nuclei. The nuclear structure calculations
will be performed in the framework of a Hartree-Fock (HF) calculation using a Vlowk potential supplemented with a
contact interaction.
As an example we apply this approach to investigate the density distributions of neon isotopes. An issue of interest
is the situation of N = 20 shell closure in neon, which lies far away from the valley of β-stability. Compared to recent
investigations [21, 22], our calculations are performed using a tri-axial PW basis and cartesian coordinates in a cubic
Wigner-Seitz cell. This geometry will allow us to extend our investigation to tri-axial geometrical structures instead
of only axially-symmetric deformations. Furthermore, we use a realistic interaction, a Vlowk potential, instead of a
phenomenological interaction. In addition, we will go beyond the description of stable neon isotopes to the situation
with unbound neutrons, which will have some relevance for the transition from discrete nuclei to homogeneous matter
which is supposed to occur, e.g. in the crust of neutron stars.
The plan of this paper is as follows. The method is treated in Sec. II. The procedure to renormalize the low-
momentum interaction and obtain the matrix elements of Vlowk is reviewed in Sec. II A. In this section we also
describe our interaction model supplementing Vlowk by an appropriate contact interaction. In Sec. II B, we work out
3how to solve the HF equation in a basis of tri-axial plane wave states in cartesian coordinates. The results for density
distributions of the neon isotopes are presented and discussed in Sec. III. Finally, Sec. IV contains a summary and
the conclusions of our work.
II. METHOD
A. Model of the NN interaction
The main idea of Vlowk interaction is to separate the long-range part from the short-range part of a realistic
NN interaction and restrict the nuclear structure calculation to the low-momentum components, i.e. the long-range
part. This long-range or low-momentum part of the NN interaction is fairly well described in terms of meson-
exchange, whereas the quark degrees of freedom are important in the description of the short-range or high-momentum
components of the NN interaction. In other words, a model space, which accounts for the low momentum degrees
of freedom, is defined and the effective Hamiltonian is renormalized for this low-momentum regime to account for
the effects of the high-momentum components, which are integrated out. In our case, the matrix elements for Vlowk
are determined by using the unitary-model-operator approach (UMOA), a model space technique to disentangle low
and high momentum components. This approach has been described in the literature [23]. Therefore, we will restrict
ourselves purely to the basics.
First, we define the projection operator P , which projects onto the low-momentum subspace. In our case, i.e.
the effective two-nucleon problem, the operator P projects onto the model space of two-nucleon wave functions
with relative momenta k smaller than a chosen cut-off Λ. Next, the projection operator Q is defined. The projection
operatorQ projects onto the complement of this subspace, i.e. the high-momentum subspace. In the UMOA approach,
the aim is to define a unitary transformation U in such a way that the transformed Hamiltonian does not couple P
and Q spaces. The technique to obtain this unitary transformation has been described in Ref. [14, 24]. With the help
of this unitary transformation, the low momentum interaction can be obtained. It is defined as
Veff = U
−1(h0 + v12)U − h0, (1)
where v12 represents the bare NN interaction and the starting Hamiltonian h0 denotes the one-body part of the two-
body system. The phase shifts obtained from solving the Lipmann-Schwinger equation for NN scattering using this
Veff with a cut-off Λ are identical to those obtained from solving the Lipmann-Schwinger equation for the original
realistic interaction v12 without a cut-off. If the original interaction is realistic, this means that this Veff will also be
a realistic interaction and reproduces the NN scattering phase shifts up to a cut-off Λ. This Veff will from now on be
called Vlowk.
An interesting feature is that the resulting Vlowk is found to be essentially model independent. In other words, this
Vlowk potential will be independent of the underlying realistic interaction v12, if the cut-off Λ is chosen around Λ =
2 fm−1. In the calculations discussed in section III below, we actually consider the proton-neutron part of the CD
Bonn potential [5] for the bare interaction v12 using a cut-off parameter Λ = 2 to obtain Vlowk.
The fact that the Vlowk does not induce any short-range correlations into the nuclear wave function, seems to lead
to problems in the description of the saturation behavior of nuclear matter. Due to this lack of short-range correlation
effects, the emergence of a saturation point is prevented in calculations of symmetric nuclear matter [12, 16]. Hence,
three-body interaction terms or density-dependent two-nucleon interactions are needed to obtain saturation in isospin
symmetric nuclear matter. Therefore, the effective interaction Vlowk is supplemented by a contact interaction, which
we previously presented in Ref. [10]. This contact interaction has the form
∆V = ∆V0 +∆V3, (2)
with
∆V0 = 1
4
t0[(2 + x0)ρ
2 − (2x0 + 1)(ρ2n + ρ2p)] (3)
and
∆V3 = 1
24
t3ρ
α[(2 + x3)ρ
2 − (2x3 + 1)(ρ2n + ρ2p)], (4)
where ρp and ρn refer to the local proton and neutron densities. Furthermore, the matter density is denoted as
ρ = ρp + ρn. The parameters of the contact interaction are obtained in the following way: the parameters α = 0.5
and x0 = 0.0 have been fixed. The three remaining parameters t0, t3, and x3 have then been fitted to reproduce the
empirical saturation point of nuclear matter and the symmetry energy at saturation density. The results for these
fitting parameters are listed in Table I.
4t0 [MeV fm
3] t3 [MeV fm
3+3α] x3
584.1 8330.7 -0.5
TABLE I: The fitted parameters t0, t3 and x3 defining the contact interaction of Eq. (2).
B. Hartree-Fock Calculations in a tri-axial Plane Wave Basis
While the Hartree-Fock or mean-field contribution arising from the contact interaction can easily be evaluated in
configuration space, the effective interaction Vlowk is non-local and is typically defined in terms of antisymmetrized
two-body matrixelements
< αγ|Vlowk|βδ > , (5)
using a set of single-particle basis states |α >, |β > . . . . This set of basis states should be appropriate to describe the
self-consistent single-particle states emerging from the Hartree-Fock calculation for deformed nuclei, but also allow
the evaluation of the matrix elements of Vlowk in a straightforward and simple manor.
As we are interested in the description of nuclei with weakly bound valence nucleons and close to the neutron
drip line, we did not use a basis of harmonic oscillator states but considered a set of plane-wave states with periodic
boundary conditions on the surface of a cubic box with a box size of L in each cartesian direction, i.e. a volume of
L3. This means that the cartesian components of the momenta are discretized and we obtain e.g. for the x-direction
kxj =
2π j
L
for j = 0, 1, . . .
and corresponding values for the y and z direction. Therefore each basis state α is identified by the 3 cartesian
components forming the momentum ~k and the quantum number s = ±1/2 defining the projection of the nucleon spin
in the directions of the z-axis. Therefore the orthonormal single-particle basis states can be written in configuration
space
Φα(~r) =
1√
L3
exp(i~k · ~r)χs , (6)
with χs denoting the two-component Pauli spinor. The Hartree-Fock single-particle states are then expanded in this
basis
|Ψn >=
N∑
α=1
|α >< α|Ψn >=
N∑
α=1
cnα|α > , (7)
and the Vlowk part of the Hartree-Fock Hamiltonian can be written in terms of the two-body matrix elements, of (5)
< α|HHFlowk|β >=
∑
γ,δ
< αγ|Vlowk|βδ > ργδ , (8)
where ργδ represents the single-particle density matrix
ργδ =
A∑
n=1
c∗nγcnδ =
A∑
n=1
< Ψn|γ >< δ|Ψn > , (9)
with a sum including all occupied HF states |Ψn >. It is straightforward to supplement this Vlowk part of the
Hartree-Fock Hamiltonian by the corresponding terms for the kinetic energy, the contact interaction of (2) including
the so-called rearrangement terms and the Coulomb potential for the protons [25–27]
< α|HHF |β >=< α|Hkin +HHFlowk +∆VHF + V HFCoul|β > . (10)
This HF Hamiltonian is diagonalized
N∑
β=1
< α|HHF |β > cnβ = εncnα , (11)
5to obtain the expansion coefficients cnα and the HF single-particle energies εn. Since the definition of HF Hamiltonian
depends on the expansion coefficients (see e.g. eq.(8)) the evaluation of HHF and its diagonalization must be iterated
in the usual way until a self-consistent solution is obtained. We initiate this iteration by approximating the HF states
by appropriate eigenstates of a tri-axial deformed Woods Saxon potential. We note that the Coulomb contribution in
(10) has been calculated using the so-called Slater approximation for the exchange part[25, 27] and that the energy
for the spurious center of mass motion has been subtracted from the energy after the variational calculation.
We still have to specify some details concerning the definition and the truncation of the PW basis defined in (6)
and used in (7). Most of the calculations discussed below have been performed assuming for the size of the cartesian
box a length L of 18 fm. It turned out that stable results were obtained if the expansion in (7) was restricted to
momenta ~k with |~k| ≤ 2 fm−1, which leads to a typical number of 739 different momenta ~k to be included. Including
the spin degree of freedom this implies for the number of basis states N = 1478 in (7) for neutron states and the same
number of coefficients representing the proton states. The only symmetry, which has been imposed, was to assume
the HF states to be states of good parity. This symmetry ensures that the center of the density distribution is in the
center of the cartesian box.
For the description of spherical nuclei it is of course easier to use a spherical basis like e.g. the eigenstates of a free
particle moving in a spherical cavity with radius R as it has been done e.g. in [10]. In this case the wave functions of
the orthogonal basis can be separated in a radial part and an angular part
Φiljm(~r) = Ril(r)Yljm(ϑ, ϕ) . (12)
The angular part Yljm represent the spherical harmonics including the spin degrees of freedom by coupling the orbital
angular momentum l with the spin to a single-particle angular momentum j. For the case of spherical nuclei one
obtains single-particle states with definite angular momentum j and a degeneracy of 2j+1. The expansion of the HF
states is restricted to an expansion of the radial wave function and typically it is sufficient to consider of the order of
10 expansion coefficients.
The spherical basis of (12) can also be used to describe deformed nuclei. In this case one must allow the HF states
to include admixtures of different angular momenta ljm and would obtain again larger dimensions for the expansion
of the HF states. A disadvantage of the spherical basis is the fact that it does not really allow for a good description
of the limit of homogeneous nuclear matter. This is obvious if one uses a basis of radial functions (i.e. spherical
Bessel functions) with a node at the border of the cavity r = R. A Slater determinant built from such basis states
for free particles leads to a non-uniform density distribution. But also using a basis with mixed boundary conditions
for different partial waves does not lead to a homogeneous density distribution.
The plane wave basis of (6) constrained to a cartesian box contains the limit of homogeneous matter in a trivial way.
In fact, this limit has been used as one check of the computer code and we were able to reproduce results of infinite
matter. The HF calculation of 16O and 40Ca starting from a spherical initial wave function has been another test. In
this case the HF iteration preserves the symmetry of the initial state and also the calculation in the cartesian basis
yield spherical solutions, which are within the numerical accuracy identical to the solutions obtained in the spherical
basis (12).
III. RESULTS AND DISCUSSION
The model for the NN interaction discussed above has been developed in [10] and used to describe the properties
of closed shell nuclei 16O and 40Ca. It is the aim of the investigations presented here to test this approach for the
evaluation of properties of open shell nuclei. Special attention will be paid to the determination of the neutron drip
line and the formation of non-spherical density distributions. As an example we consider the structure of the Ne
isotopes with even nucleon numbers A ranging from A = 18 to A = 32. We also consider the case of A = 34, which is
beyond the neutron drip line and an example of A = 42 with 32 neutrons, which should partly be evaporated to the
continuum.
The results for the binding energy per nucleon are displayed in table II and compared to the experimental data taken
from Ref. [28]. The difference between the calculated values and the experimental data is for all cases below 3 MeV for
the total binding energy and therefore comparable to the deviations typically obtained in pure phenomenological DFT
calculations[22]. This is very encouraging noting that the interaction model considered here is based on a realistic
NN interaction supplemented by a phenomenological part with only three parameters adjusted in the description of
nuclear matter.
Also the position of the neutron drip-line is reproduced, as one can see from a comparison of the total binding
energies deduced from this table. The total binding energy evaluated for 34Ne (34 times 6.17 MeV) is smaller than
the corresponding binding energy of 32Ne.
6isotope cal. E/A [MeV] exp. E/A [MeV]
18Ne -7.20 -7.34
20Ne -7.96 -8.03
22Ne -8.03 -8.08
24Ne -8.02 -7.99
26Ne -7.63 -7.75
28Ne -7.31 -7.39
30Ne -7.01 -7.07
32Ne -6.72 -6.67
34Ne -6.17 -
TABLE II: Results for the energies per nucleon using the Vlow−k plus contact term interaction model in the tri-axial plane
wave basis. The calculated energies have been corrected by the one-body center-of-mass energy. The experimental values are
taken from Ref. [28].
The position of the drip-line can also be extracted from the spectra of the single-particle states displayed in the two
panels of Fig. 1 for protons and neutrons, respectively. The HF calculations have been performed without a constraint
to time reversal symmetry. Nevertheless, the resulting single-particle energies form pairs of almost degenerate states
exhibiting differences up to a few hundred keV. The plot shows the position of the lower of such two single-particle
energies.
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FIG. 1: (Color online) Single-particle energies for protons (left panel) and neutrons (right panel) obtained from Hartree-Fock
calculations for various Ne isotopes with even nucleon number A. Note that each line represents the position of two degenerate
states. The energies of all occupied and the lowest unoccupied level are presented. The dashed lines represent the position of
the Fermi energy.
The single-particle energies for the protons decrease in a rather monotonic way with increasing nucleon number A.
This reflects the strong attraction of the proton-neutron interaction leading to a stronger binding for the protons with
an increasing number of the neutrons.
The single-particle energies for the neutrons, displayed in the right panel of Fig. 1 do not show such a monotonic
behavior. Most of the single-particle energies change only very little with neutron number. This is true in particular
for A ≥ 22, i.e. the isotopes with more neutrons than the 22Ne, which is the isotope with largest binding energy per
nucleon.
Going from A to A+ 2 only the position of the states, which are not occupied in the isotope with A nucleons but
get occupied in the A + 2 isotope receive a stronger binding. Inspecting the neutron single-particle energies, which
7are close to the Fermi energy in the cases of A=32 and A=34, the position of the neutron drip-line discussed above
gets confirmed. While all neutron states occupied in 32Ne have single-particle energies below 0, one pair of states to
be occupied in 34Ne has an energy larger than 0. These states are almost degenerate with the lowest particle states
above the Fermi energy.
Some of these features are also represented by the Fermi energies, which we define as the arithmetic mean value of
the highest occupied state and the lowest unoccupied state and show in Fig. 2.
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FIG. 2: (Color online) The Fermi energies for the neutrons and the protons in neon isotopes.
The Fermi energy for the protons steadily decrease with increasing nucleon number, while the Fermi energy for the
neutrons increase very weakly for A ≥22 and cross the zero at 34Ne.
Another interesting quantity to be deduced from the single-particle spectra is the energy gap, i.e. the energy
difference between the highest occupied state and the lowest unoccupied state. The corresponding results are shown
in Fig. 3. The absolute values for the gaps in the single-particle spectra for protons and neutrons are large than 6
MeV in the case of 20Ne. For all other isotopes considered at least one of those values for the gap are smaller than 4
MeV, which is an indication that for these nuclei T = 1 pairing correlations may be relevant.
The saturation point of nuclear matter is identified by the energy and the corresponding value for the baryon
density. A many-body calculation is considered successful only, if both quantities are reproduced. In close analogy
we should be satisfied with a microscopic theory describing the bulk properties of finite nuclei, if the binding energies
of the nuclei as well as the radii of the charge distribution are described.
Corresponding results for the are displayed in Fig. 4. The agreement between the radii calculated for the proton
distribution and the values for the charge distributions[29] are remarkable. This demonstrates that the contact
interaction of (2) is appropriate to stabilize the density of infinite nuclear matter as well as the surface of light nuclei
at the empirical value.
Fig. 4 also displays the root mean square radii calculated for the density distributions for the neutrons. The
radius increases with the number of neutrons, representing the development of neuron skin for N > Z with a rather
monotonic slope. A small deviation from this monotonic slope is observed only at A=30, which corresponds to a
neutron number N = 20 a value at which the sd-shell in a simple shell-model would be filled.
The radius, however, is only one observable to be deduced from the density distribution. In Fig. 5, the neutron and
proton density distributions of 24Ne are shown in terms of contour plots projected to the three cartesian planes.
These plots show that the nucleus is elongated in one direction, which is characterized by a vector pointing to the
corner of the cartesian box, in which the calculation is performed, with positive values for the y and z coordinate and
negative value for the x coordinate. The elongation axes for protons and neutrons are identical, which reflects the
attraction between protons and neutrons.
To visualize more details about the symmetry of these density distributions, Fig. 6 displays the density distribution
in a plane, which contains the axes of prolate elongation (left panel) and on perpendicular to the elongation axis. These
plots demonstrate that the resulting density distributions are indeed triaxial and could not be described assuming a
cylindrical symmetry, as has been tried in the work of Ref. [22]. The same can be observed for the other isotopes.
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FIG. 3: (Color online) The energy gap between the last occupied state and first unoccupied state for various neon isotopes.
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FIG. 4: (Color online) The neutron and proton root mean square radius of neon isotopes. The experimental data for the charge
radii have been obtained from measurements of the optical isotope shifts in [29]
What is the gain in energy, which is related to the deformation of the nuclei? To answer this question, we have
supplemented the calculations in a cartesian box, which we discussed so far with corresponding calculations in a
spherical cavity (see [10] and discussion around eq.(12) above) assuming spherical symmetry and, if necessary, a
partial occupation of the degenerate states close to the Fermi energy.
The tri-axial calculations predict stable isotopes up to 32Ne. The HF calculations allowing only for spherical
structures gives stable isotopes up to 30Ne. Therefore, the differences in the binding energies between tri-axial
calculations and spherical calculations are plotted in Fig. 7 only for isotopes up to 30Ne. The total energy gain
allowing for tri-axial deformation is largest in the case of 24Ne (0.8 MeV per nucleon, which corresponds to 19.2 MeV
in total). The energy gain is reduced for the heavier isotopes and is close to zero in the case of 30Ne, in which all
neutron states of a spherical sd-shell can be filled (see also discussion of the radii of the neutron distributions above).
In the calculation it is easy to go beyond the description of stable neon isotopes to the situation of nuclear structures
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FIG. 5: (Color online) Contour plots of the neutron and proton density distributions of 24Ne in the xy, xz, and yz plane.
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FIG. 6: (Color online) Contour plots of the neutron density distributions of 24Ne in a plane parallel (left panel) and perpendicular
(right panel) to the elongation axis. The contour lines represent 8 densities ranging in equal step-sizes between zero and maximal
density.
with unbound neutrons. This should have some relevance for the transition from discrete nuclei to homogeneous matter
which is supposed to occur, e.g. in the crust of neutron stars. As an example of a system with unbound neutrons
we consider a system with 10 protons and 32 neutrons. Results for the density distributions for the neutrons are
plotted in Fig. 8. In this system, the density profile in z direction deviates clearly from that in the x and y direction.
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FIG. 7: (Color online) The energy difference between calculations allowing for tri-axial structures and calculations allowing
only spherical structures. The binding energy results considered are those without cm correction in both cases.
One has a quasi-nucleus at the center of the cubic box with a region of a low-density neutron gas extending in the
z direction to the boundary of the box. Since the box displayed must be considered as one member of a lattice of
boxes with periodic boundary conditions, this region of a low-density neutron gas continues to the boxes neighbored
in z-direction, forming a rod of neutrons with quasi-nuclear structures located along this rod.
This observation is of interest in the sense that it demonstrates that the gas of evaporated neutrons may show
structures like the one discussed here. However, the present calculation is not realistic in the sense that the cartesian
boxes considered in our calculation are to small to simulate the structure of quasi-nuclei embedded in a gas of quasi-
free neutrons in the crust of neutron stars. Furthermore, to apply such calculations to the neutron star crust the
contribution of leptons has to be included and the β-equilibrium condition has to be imposed.
IV. SUMMARY AND CONCLUSION
The aim of this study is to establish a general tool, which allows a Hartree-Fock (HF) calculation of weakly bound
open shell nuclei based on a general realistic NN interaction. For that purpose the HF equations have been solved
in basis of plane wave states with periodic boundary conditions in a cartesian box. Stable results are obtained for
light nuclei employing a box with a box size of around 20 fm and basis size of around 1500 states for protons and
neutrons, respectively. This allows the description of structures with general symmetry. The variational procedure is
restricted to single-particle states with good parity. This stabilizes the position of the center of mass of the nucleus
to the center of the box.
The model used for the NN interaction is a renormalized low momentum potential, Vlowk, derived from a realistic
NN interaction which fits the NN scattering data. This Vlowk interaction has been supplemented with a contact
interaction with three parameters adjusted to reproduce the empirical saturation point of symmetric nuclear matter
and the symmetry energy in nuclear matter.
Calculations have been performed for Ne isotopes with even number of neutrons, ranging from nucleon number
A=18 to A=34. Results for the bulk properties of these nuclei are very encouraging. The total energy is reproduced
with an accuracy of better than 2 percent and also the radii of the charge distributions of the stable isotopes are
described with high accuracy. The calculations reproduce the position of the neutron drip-line for the Ne isotopes.
The deformation degrees of freedom are very important providing an extra binding energy up to almost 20 MeV as
compared to a calculation restricted to spherical symmetry with partial occupation probabilities for degenerate states
at the Fermi energy. The shapes of the nuclear density distributions are tri-axial with a prolate elongation axis.
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FIG. 8: (Color online) Contour plots of the neutron density distributions of a quasi-nuclear structure with 10 protons and 32
neutrons in the xz plane (left panel) and yz plane (right panel) of the box considered in the calculation. The contour lines
represent the densities 0.005, 0.02 0.045, 0.07, and 0.09 nucleons fm−3, respectively.
In a next step one may perform Hartree-Fock-Bogoliubov calculations, imposing the time-reversal symmetry in the
HF variation and using the realistic Vlowk for a consistent description of pairing properties. This would also enable
us to investigate the role of pairing in weakly bound nuclei. Also the study of isotope chains different from Ne may
be of interest.
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